Kaplan-Meier Estimation Method
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Goals of Survival Analysis

» Goal 1: To estimate and interpret survivor and/ or hazard
functions from survival data

» Goal 2: To compare survivor and/or hazard functions.

» Goal 3: To assess the relationship of explanatory variables to
survival time
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Notation

e \We have a sample of failure times = What is the available information?

e Notation (7 denotes the patient)

> 17 ‘true’ time-to-event
> because of censoring we do not always observe T’
> C; the censoring time (e.g., the end of the study or a random censoring time)
e Available data for each patient
> observed event time: 1; = min(7*, ()

> event indicator: d; = 1 if event; d; = 0 if censored
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Notation

Patient Tr*

3.4
5.7

The end of the study is at 5 years

2.2
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Assumptions of Kaplan-Meler
Estimartor
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» Censored individuals have the same prospect of survival as those who con’rinuip to
be followed. This can not be fested for and can lead to a bias that arfificially

reduces S.

» Survival prospects are the same for early as for late recruits to the study (ca
tested for).

» The event studied (e.g. death) happens at the specified time. Late recording of
the event studied will cause artificial inflation of S

3oys1o}

be


https://www.statsdirect.com/help/survival_analysis/censorship.htm
https://www.statsdirect.com/help/basics/bias.htm

The Kaplan-Meier Estimator

e Aim: estimate the Survival Function S(#) based on a sample of failure times

> Remember: S(?) is the probability of being alive at time ¢
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e |f there was no censoring, we could simply

number of patients alive at time t 1
— I(1; >
L2 1T 1)

S(t) =
Tl 1

where [(T; > t) equals 1 if T; > t, and 0 otherwise

e However, we do have censored observations




The Kaplan-Meier Estimator

e To take into account censoring in the estimation of S(t) we will use the law of total
probability
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e For instance, the probability of surviving 2 years can be computed as:

S(2) = Pr(T; > 2)
Pr(T; > 1) x Pr(T; >2|T; > 1)

e In words, the probability of surviving year 2 is the product of
> the probability of surviving year 1 and

> the conditional probability of surviving up to year 2 given still being alive at year 1




The Kaplan-Meier Estimator

e 50 S(2) can be estimated by

$(2) # patients alive at year 1 * patients alive at year 2

# patients at risk up to year 1 # patients at risk up to year 2

e |f we apply this idea repeatedly, we can obtain survival probabilities for every time
point ¢
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The Kaplan-Meier Estimator

e Let 71, 19, ..., t; denote the unique event times in the sample at hand

e We account for censoring by suitably adjusting the risk set =
the Kaplan-Meier Estimator

i

it <t

where d; is the number of events at time #;, and r; the number of patients still at risk
at time 7;

> still at risk means alive and not censored
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The Kaplan-Meier Estimator

e A small example

« First remove from the list of unordered
survival times all those times that are
censored; we are thus working only
with those times at which people
failed.

« Then order the remaining failure times
from smallest to largest, and count fies
only once.

« The third column gives frequency
counts, denoted by r;, of those persons
who are at risk in the time starting with ) , N

because this person’s censored fime is

fO”U][e fime 1. Ves f exactly at the end of the interval. We
* The fourth column gives frequency count this person in the following interval.

counts, denoted by d,, of those persons
who are at event occurred for them
before the time 1.

I 56688 811

+ denotes a censored time

Note: We have not counted person #5
(Wwho was censored at week 8) here



The Kaplan-Meier Estimator

The K-M estimated percent survival of the subject(s) af each point in fime t,

(7/8)(4/6) = 0.583,
(7/8)(4/6)(3/4) = 0.438,

/8)(4/6)(3/4)(1/2) = 0.219, 9 <t < 11

Note: the estimate of S(#) is undefined for ¢ > 11 since not all subjects have died by
t=11
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The Kaplan-Meier Estimator

e [he variance of %huiz‘) can be estimated using Greenwood's formula

/

e Using the formula and asymptotic normality of L"_ﬁ‘u(f] we can derive a 95%

confidence interval

e Problem: this can exceed 1 or fall below 0!

e A better asymmetric 95% confidence interval for ‘wgﬂf(f) that respects the
boundaries is derived from a symmetric 95% confidence interval for either

Hip(t) = —log Sgar(t)  or  log Hycpr(t) = log{— log Sk (1)}
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The Kaplan-Meier Estimator

Greenwood’s formula (Collett 2.1.3) Delta method: If Y is normal with mean g and
variance o2, then ¢(Y) is approximately normally
We can think of the KM estimator as distributed with mean g(u) and variance [¢'(p)]*c>.
Sit)= I (1-2X)
jiri<t

where }” =d;/r;. Two specific examples of the delta method:

Since the \,H are just binomial proportions, we can apply (A) Z = log(Y)
standard likelihood theory to show that each A; is approxi-

mately normal, with mean the true A;, and then Z ~ N [log(p), (—) ﬂ.r*}
' MRSy

Ai(1 =)

T;

(B) Z = exp(Y)

var(A;) ==

then Z ~N [fﬁp- IE’F]E‘F]

Also, the A;’s are independent in large enough samples.

Since S(t) is a function of the A;’s, we can estimate its vari-
ance using the delta method:




The Kaplan-Meier Estimator

Greenwood’s formula (continued)

Instead of dealing with "3'[1’} directly, we will look at its log: : ,
Now, S(t) = expllog[S(t)]]. Thus by (B).

1':}5[51[”] = > log(l- )'l;j' where A; = d;/rj. var(S(t)) = iS(l)]")l'ur ilug[S'(_t}E‘

_}:rj{r

Thus, by approximate independence of the A;'s, Greenwood’s Formula:

'.*ﬂ?'[lﬂ}{[ﬂ'{i}]} = Y warllog(l — )’u}]] var(S(t)) = [S(f)]gfjj;r

JiTi<t

2

by (A) . 't,-'r.u'[i;-}




Time Risk(r) Fail(d) Lost  Fun K-M  Error Conf.lL Conf.U
1 07/8 0.8750.117 0.646 1.104

1 5766 88 9 117
14/6 0.58330.186 0.219 0.948

3/4 0.43750.188 0.069 0.806 :
0.2187 =
50.181 -0.136 0.574 3
> V[S(T)] = S(T)? XiZ3 2 Greenwood’s Formula :
1= rj=dpr; z
: - 2 d, th 2( 1 _ E )
VIS(T)] = S(1)? X = 0875 (=) = 001367 error=0.117
- 1 _ y) d dq _ 2 B L) _ =
VIS(T,)] = S(T,) ( e m_dlm) — (0.58332 x (6><4 . 7><8) — 0.03443  error=0.186
- T y ds d; dy - 2 E 2 o W
> V[S(Ty)] = S(Ts) ( iy )_0435 xﬁwy+ + )

(r3—d3)rs  (rp—dy)rp, (ri—dq)r 6X4  7X8

= 0.03532 error=0.188
e d, d,

d d
VIS(T,)] = S(T,)? : A
> VIS = STy o T
L 7_><8) = 0.032756 error=0.181

)=0.218752( L o
1x2 3X4 6 X4




SPSS

& Time

1.00
5.00
6.00
6.00
8.00
8.00
9.00
11.00

fa —=

L%}

4
5
B
7
8

&> Failure
1.00

.00
1.00
1.00
1.00

.00
1.00

.00

OJ\JJ}JJ

» Analyze/ Survival/ Kaplan-Meler

S option 4u X 5 Continue 4w X 555 SIS 5l G
a8 e S 1, Survival Table 44 K 5ea S

59 RS G4l Al Hlxe ol jadl gl Al e g5 )2

8l ) 8

vV v v Vv

SOIYSIHO}SOIG “YOPOZWIYDY I



Out Put

Survival Table

Cumulative Proportion
surviving atthe Time

Estimate Std. Error

87 17

M of
Cumulative
Events

I of
Femaining
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SPSS

a8 52550 Al oy B Ha o jlme il jadl 5 5ile- IS 6 i ) 53048 S5 2 B
i) S Standard Error of Survival s Survival 4w R o LS save

&5 Time & Failure ! & SE_1
1.00 1.00 . 11693
5.00 00
6.00 1.00

6.00 1.00
.00 1.00
6.00 00
9.00 1.00
11.00 00
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The Kaplan-Meier Estimator with Confidence Interval

The standard error reported is given by Greenwood’s formula (Greenwood 1926):

Var{S(t)} = S2(t) T ——L
' ' Ti niln; —dj)
Jt;=t

(Kalbfleisch and Prentice 2002, 17-18). These stﬂnd-a_g'd errors, however, are not used for confidence
intervals. Instead, the asymptotic variance of In[—In S(¢)],

15 used, where sums are calculated over L-;r'|t_.,- < t (Kalbfleisch and Prentice 2002, 18). The confidence

bounds are then S(t)®XP{£2a/29(1)) where z,, /5 is the (1 — «/2) quantile of the normal distribution.
sts suppresses reporting the standard error and confidence bounds if the data are pweighted because
these formulas are no longer appropriate.

SPSS software does not provide confidence
Intervals
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Risk Fail Lost K-M -LOG(K-M)  Error(-LOG(K_M)) ConfL Conf.U

1 0 0875 0.0580 1.00074 0.387  0.9814
2 1 0.5833 0.23410.5902 0.1801  0.844]
0.4375 0.35900.5196 0.1014  0.7149

1 0.21875 0.6601 0.5444 0.0121 0.5928

V[In(=In(S(t;))] = e (5(ty)) = PEF2e,70)  Kalbfleisch Formula

ISI}0sOIg ‘YapoZWIYDY I

V[(In( - 1n(S(t)))] = —225=1.00149 Error=1.00074 0.875xP(1.96+1.00074)=0 387 , (,875¢xP(~1.96+1.00074)=0 9814

[1nG)

2 1

V[(In(=1n(S(t))] = [lngi L;?)]Z_O'MS?" Error=0.5902 (0.5833¢xP(1.96x0.5902) — 1801, 0.58336*P(~196+0:5902) — ( 8441)
6 8
1 5 28
V[(In( = 1n(S(t)))]| = —2x42x6 28 =0 27 Error=0.5196, (0.4375%P(1-96:0.5196) = , 1014, 0.4375*P(~1.96+0.5196)=0 7149

[ln(%)+ln(%)+Ln(§)]

11" RS

V[(In(—1n(S(t,)))] = —x2-3xs ax6 7x8 =0 2943 E=0.5444,

[In+InC)+InG)+LnG)|
0.218756xP(1.96x0.5444) — () 0121, 0.21875¢XP(-1.96x0.5444) — () 5928




Example of calculation Life Table

» Mcllimurray and Turkie (2) describe a clinical trial of 25 patients for the
treatment and 24 patients for the Control of Dukes' C colorectal
cancer. The data for the two treatments, linoleic acid or control ar
given.

Table 12.1 Survival in 49 patients with Dukes’ C colorectal cancer
randomly assigned to either y linoleic acid or control treatment

Treatment ‘ Survival time (months)
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y linoleic acid 1+, 5+.6,6, 9+, 10, 10, 10+, 12,12, 12, 12, 12+, 13+, 15+, 16+,
fn 25) 20+, 24, 24+, 27+, 32, 34+, 36+, 06+,4a+

%
iCIontrol (n=24)

» The + sign indicates censored data.
» We calculate K-M and Confidence Interval for the trreatment group.




Time atrisk Fail survival error [95% conf. int.]

ri—d %*

> Sen(t) =11, |t]<t< = 1) %
b S (Ty = 6) = —1:0.9130
G — ) — E><— = 0.8217
> § (T—12)—21><18>< = 0.6284

KMY'3 — EReYI S

A 21 18 13 7
> Sem(T, =28) = = X =X =X == 0.5498

A 21 18 13 7 4-
> SKM(TS = 32) — 23 X 20 17 X g E 0 4‘399



Time awrisk Fail  function error [95% conf.int.]

Error for KM e

t—1

VIS = ST Y ot
(Gt :

- 2 dy N 2 (_2 - - =

VIS(Ty] = S(T1)? X 72 = 0.9130 (555) = 0.00345 error=0.0588 ;

B 2 d, dq il 2 2 2 N
V[S(T,)] = S(T,) ( i (nl—dlm) — 0.82172 x (WZO - 21x23) — 0.00655
error=0.0809
2 2 2

= 2 ds dy dq o 2 i
V[S(TB)] N S(T3) ((ng—d3)7"3 + (le—dz)rz + (nl—dl)rl) ol 0.6284 o (13)(17 + 18x%20 + 21)(23) i 0.01098
error=0.1048




Time atrisk Fail  function error [95% conf.int.]

Error for KM

B . dy ds d, d, N O] 2

> VI[S(T] = S(Ty) ((n4—d4)7‘4 i (n3—d3)r3 n (nz—dz)r u (n1—d1)7‘1) =l (7XS i 13X17 &
2 . i ) = 0.0138 error=0.1175 <

18%20 21X%X23 =
VIS(Ts)] = Sl = % = L) = 043992 (—

> [ ( 5)] ( 5) ((nS_dS)rS + (n4_d4)r4 + (n3—d3)‘r‘3 + (le—dz)rz + (nl—dl)rl) (4)(5

b2 24 2 )=00185 emor=0.1360

13X17 18%20 21X23 7X8 13X17 18%20 21X23



Dr Rahimzadeh, Biostaftistics

STATA



STATA

Data entry is quite similar to SPSS.

You can open data files of various formats from the import section in STATA.
Survival analysis is one of the important menus in the analysis section.

First of all, you need to tell the Stata that the data file is a survival data file.

To do this, we use the sts command as follows.

Ny V V VvV Vv

stset tfime, failure(failure==1)

SOIYSIHO}SOIG “YOPOZWIYDY I



STATA: sts list

Input Data

e A small example

1576688 9117

failure

1 1 1
1 1 1
1 1 1
1 1 1
1 1 1
1 1 1
1 1 1
1 1 1

KM Qut Put
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STATA Out PUT: Mclllimurray and Turkie,
freatment group
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STATA: sts graph

Kaplan—Meier survival estimate

20
Analysis time
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SPSS: Mclllmurray and Turkie, tfreatment

group
» time failure SUR_T SE_1
» 6.00 1.00 .91304 .05875
» 1000 1.00 .82174 .08092
» 1200 1.00 .62839 .10477
» 2400 1.00 .54984 .11748
» 3200 1.00 .43987 .13604

SPSS software does not provide confidence intervals.
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File

Edit View Data

I & time
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@ Kaplan-Meier: Options

Statistics
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Practice

» Calculate the Confidence Interval for Survival
Function for previous example with the
treatment group with the asymptoftic of
variance.
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In most statistical Package for handling a censoring that happens at
the same time as a failure is to assume that the failure occurred before
the censoring. Still, in this situation overestimation of Product Limit
estimator function in the presence of fies.

There is a level at which delayed entries cause considerable problems.
In these entries' presence, the Kaplan-Meier procedure for calculating
the survivor curve can yield absurd results. This happens when some late
arrivals enter the study after everyone before them has failed.

Few datasets actually have such gaps. Gaps in subject histories are not
a problem; it is only when all the gaps in all the subjects add up in such
a way that no one is at risk during a period that the dataset itself will
have such a gap.

When datasets do have such gaps, you want to avoid the Kaplan-
Meier estimate and use the Nelson-Aalen, and still, you need to think
carefully as you interpret results.

Disadvantages of Kaplan-Meier Method
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Limitations of Kaplan-Meier

Mainly descriptive

Doesn’t control for covariates

Requires categorical predictors

Can't accommodate time-dependent variables
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